We promote Beilinson's triangulated equivalence between the bounded derived category of rational polarizable mixed Hodge structures and the derived category of rational polarizable mixed Hodge complexes to an equivalence of symmetric monoidal quasi-categories. We use this equivalence to construct a presheaf of commutative differential graded algebras in the ind-completion of the category of rational mixed Hodge structures which computes Deligne's mixed Hodge structure on the rational Betti cohomology of C-schemes of finite type. This leads to a presheaf-in the quasi-categorical sense-of E ∞ -algebras computing integral mixed Hodge structures. for the base case X = Spec(C), and (ii) some general results concerning Grothendieck's sixfunctor formalism in the context of stable symmetric monoidal quasi-categories. Our goal here is to address (i) as follows, deferring discussion of (ii) and the question of constructing Hodge realization functors over more general bases X to a forthcoming preprint. For Λ ∈ {Z, Q}, let MHS p Λ denote the category of polarizable mixed Hodge Λ-structures and gr MHS p Λ the category of Z-graded objects thereof. We rectify P. Deligne's functor H 
Introduction
Let Sch This construction actually provides a symmetric monoidal functor between symmetric monoidal quasi-categories, rather than a mere symmetric monoidal triangulated functor. In this sense, we obtain a refined version of previous constructions due to A. Huber ([Hub95, Hub00, Hub04]), M. Levine ([Lev98, 2.3.10]), and F. Lecomte and N. Wach ( [LW13] ). Aside from playing a key role in the larger project of constructing complexes of ind-objects in a Q-linear Tannakian category is symmetric monoidal (1.7); that the category of commutative algebras in this symmetric monoidal category admits a model structure (1.8); and that this model structure on commutative algebras allows for a useful rectification result (1.10). In §2, working with rational coefficients, we construct a symmetric monoidal quasicategory of mixed Hodge complexes and use it to promote Beilinson In §3, we combine the results from the previous sections to construct the functor of 3.6 in two steps. First, we restrict construct the functor after restricting the domain to separated, smooth C-schemes (3.2). Then, using a result of V. Voevodsky, we extend the functor to all C-schemes of finite type (3.6).
In §4, we establish some general results on fiber products of stable quasi-categories and t-structures (4.2, 4.3) and use them to show that the derived quasi-category of mixed Hodge Z-structures is a fiber product of the derived quasi-categories of mixed Hodge Q-structures and Abelian groups over the derived quasi-category of Q-modules (4.5). We then establish the required functoriality of singular cochain complexes of associated analytic spaces (4.8) and deduce 4.9.
Notation and conventions
Grothendieck universes: We assume that each set is an element of a Grothendieck universe. Fix uncountable Grothendieck universes U ∈ V such that the categories Set, Ab and Cat of U-sets, U-small Abelian groups and U-small categories are V-small. Unless context dictates otherwise, all commutative rings and schemes will be U-small. We shall consider variations on such monstrosities as the category CAT of V-small categories, which is not V-small, but ambiguity is unlikely to result from our refusal to name a sufficiently large third Grothendieck universe.
Quasi-categories:
We freely employ the language of quasi-categories and higher algebra as developed in [Lur09, Lur14] . For brevity, we contract the word "quasi-category" to "qcategory".
Categories as qcategories:
We regard all categories as qcategories by tacitly taking their nerves. As justification for this convention, observe that the nerve functor N : Cat → Set ∆ is right Quillen with respect to the model structure on Cat whose weak equivalences and fibrations are the equivalences of categories and the isofibrations, respectively, and the Joyal model structure on Set ∆ , and the functor induced between the qcategories underlying these model structures is fully faithful ([Joy08, 2.8]).
Functors and limits:
We say that a functor F : C → D between qcategories is Ucontinuous (resp. U-cocontinuous) if it preserves U-limits (resp. U-colimits), i.e., limits (resp. colimits) of U-small diagrams. We also write F G to indicate that the functor 
.1]).
Presentability: Let κ denote an infinite regular U-cardinal. We preserve the terminology from the theory of 1-categories ( [AR94] ) and refer to an object X of a qcategory C as κ-presentable if map C (X, −) : C → Spc preserves κ-filtered colimits, i.e., if it is "κ-compact" in the sense of [Lur09, 5.3.4 .5]. We say that the qcategory C is locally U-presentable (resp. locally κ-presentable) if it is "presentable" (resp. "κ-compactly generated") in the sense of [Lur09, 5.5 .0.18, 5.5.7.1].
Localization: If C is a U-small qcategory and W a class of morphisms of C, then there exists a functor λ : C → C[W −1 ] with the universal property that, for each U-small qcategory D, composition with λ induces a fully faithful functor Fun(C[W −1 ], D) → Fun(C, D) whose essential image is spanned by those functors that send each element of W to an equivalence in D ([Lur14, 1.3.4.2]). We refer to λ or, abusively, C[W −1 ], as a localization of C with respect to W. If λ admits a fully faithful right adjoint ι, then we say that λ is a reflective localization of C. This applies in particular to the locally presentable setting: if C is a locally U-presentable category and S is a U-set of morphisms of C, then the localization λ : C → C[S −1 ] is reflective, the essential image of its right adjoint is the full subqcategory spanned by the S-local objects, i.e., the objects X ∈ C such that, for each f ∈ S, the morphism map C (f , X) is a weak homotopy equivalence, and C[S n . We systematically suppress the fibration p from the notation, referring to "the symmetric monoidal qcategory C ⊗ ". We also refer to C := C ⊗ 1 as the qcategory underlying C ⊗ . Similarly, we use the notation F ⊗ : C ⊗ → D ⊗ for a possibly lax symmetric monoidal functor and F : C → D for the underlying functor. Appealing to [Lur14, 2.4.2.6], the category CAlg(QCat × ) of commutative algebra objects of QCat × is a convenient model for the qcategory of U-small symmetric monoidal qcategories: its objects correspond to U-small symmetric monoidal qcategories and its morphisms to symmetric monoidal functors.
Qcategories underlying model categories: The model categories appearing in the sequel will prove to be U-combinatorial, i.e., cofibrantly generated model categories whose underlying categories are locally U-presentable ([Bek00, 
whose essential image is spanned by the symmetric monoidal functors sending each object of Ac(A) to a zero object.
Definition 1.2. An essentially U-small closed symmetric monoidal category T ⊗ is Tannakian if it satisfies the following conditions:
T is a nonnegative integer under the identification of Z with its image in the field hom T (1 T , 1 T ) of characteristic zero, where η and ε are the coevaluation and evaluation morphisms, respectively, and the equivalence V ⊗ V ∨ V ∨ ⊗ V is the symmetry isomorphism. 
shows that hdim(T) = hdim(1 T ). As a consequence, if hdim(1 T ) < ∞, then T satisfies the hypotheses of [Dre15, 4.7] and it follows that the ℵ 0 -presentable objects of D(Ind(T)) are precisely the ⊗-dualizable objects and the natural symmetric monoidal functor Ind(
⊗ is an equivalence. This applies in
faithful symmetric monoidal left Quillen functor;
(ii) there is an essentially commutative square
in which vertical arrows are the evident inclusions in degree zero; and
) is conservative and t-exact with respect to the natural t-structures.
Proof. By [DM89, 1.19], F is faithful. The existence of Cpx(Ind(F)), as well as its K-linearity, exactness, faithfulness, U-cocontinuity and compatibility with the symmetric monoidal structures, follows from [SGA72a, Exposé I, 8.9.8, 8.6.4] and the obvious functorial properties of complexes and categories of ind-objects. The Adjoint Functor Theorem ([AR94, 1.66]) implies that the U-cocontinuous functor Cpx(Ind(F)) is a left adjoint. As Cpx(Ind(F)) preserves quasi-isomorphisms and monomorphisms, it is left Quillen with respect to the injective model structures. This proves (i), and (ii) is obvious.
As Cpx(Ind(F)) preserves quasi-isomorphisms, it induces D(Ind(F)) : D(Ind(T)) → D(Ind(T )) by the universal property of the localization. The derived functor of an exact functor between Abelian categories is t-exact with respect to the natural t-structures, so D(Ind(F)) is t-exact. Let us check that D(Ind(F)) is conservative. As D(Ind(F)) is an exact functor between stable qcategories, it suffices to check that it reflects zero objects. The natural t-structure on the derived qcategory of an Abelian category is nondegenerate, so it suffices to show that, for each object K of the heart D(Ind (T 
In this case, we may assume K is concentrated in degree zero, given by an object V of T. As Ind(F) is faithful, we have a commutative square
in which the vertical arrow on the right is injective and (iii) follows. 
⊗ as in 1.5(i). As the canonical
⊗ by 1.6, which we abusively denote by ω ⊗ .
As 1 T is cofibrant, it remains to establish the pushout-product axiom. Let f : K → K and g : L → L be two cofibrations of Cpx(Ind(T)) inj , i.e., two monomorphisms. We claim that the canonical morphism
and that it is moreover a quasi-isomorphism if f or g is. The image of f g under ω is the morphism ω(f ) ω(g). Faithful, exact functors preserve and reflect monomorphisms, so the pushout-product axiom in Cpx(Mod K (Ab)) ⊗ inj , which holds by [Dre15, 2.3], implies that f g is a monomorphism. Similarly, the faithful, exact functor ω preserves and reflects quasi-isomorphisms, so if f or g is a quasi-isomorphism, then ω(f ) or ω(g) is. This implies that ω(f ) ω(g), and hence also f g, is a quasi-isomorphism. Hence, Cpx(Ind(T)) inj is a symmetric monoidal model category. Since each object is cofibrant, it is left proper and satisfies the monoid axiom ([SS00, 3.4]).
admits a U-combinatorial model structure whose weak equivalences (resp. fibrations) are the morphisms inducing quasi-isomorphisms (resp. fibrations) between the underlying objects of Cpx(Ind(T)) inj .
Proof. By [Lur14, 3.2.3.5] and 1.7, CAlg(Cpx(Ind(T)) ⊗ ) is locally U-presentable. It therefore suffices to construct a cofibrantly generated model structure with the prescribed weak equivalences and fibrations. Let f : K → L be a morphism of Cpx(Ind(T)). We have the pushout-product morphism
Iterating, we obtain morphisms f n for n ∈ Z ≥0 , which are S n -equivariant with respect to the S n -actions permuting factors of the tensor products appearing in the domain and codomain. We thus regard f n as a morphism of Cpx(Ind(T))
S n , the category of functors from the groupoid S n into Cpx(Ind(T)). The functor Cpx(Ind(T)) → Cpx(Ind(T)) S n sending K to itself with the trivial S n -action admits a left adjoint, the S n -coinvariants functor (−)/S n . By [Whi14, 3.2], the existence of a cofibrantly generated model structure on the category CAlg(Cpx(Ind(T)) ⊗ ) with the prescribed weak equivalences will follow if we show
⊗ and each n ∈ Z >0 , the morphism f n /S n is a trivial cofibration in Cpx(Ind(T)) inj . As in 1.5, choose a K-linear, faithful, exact symmetric monoidal functor ω ⊗ :
and let
f be a trivial cofibration of Cpx(Ind(T)) and n ∈ Z >0 . By 1.6, ω reflects trivial cofibrations, so it suffices to show that ω(f n /S n ) is a trivial cofibration. On the other hand, ω also preserves trivial cofibrations by 1.6, so ωf is a trivial cofibration. Since ω ⊗ is symmetric monoidal and U-cocontinuous we have ω(f n /S n ) (ωf ) n /S n . The claim therefore follows from the
Indeed, as (−)/S n is left Quillen with respect to the projective model structure on its domain, (ωf ) n /S n is a trivial cofibration, as desired.
Lemma 1.9. Consider the following data:
(iv) W (resp. W ), the class of weak equivalences in the model structure of 1.8 on the category CAlg(Cpx(Ind(T)) ⊗ ) (resp. CAlg(Cpx(Mod K (Ab)) ⊗ )); and
If the forgetful functor ψ :
Proof. Suppose ψ preserves C-indexed colimits. Let ω ⊗ := Cpx(Ind(ω)) ⊗ and let CAlg(ω ⊗ ) :
It sends W to W by 1.6. We claim that there is a homotopy equivalence ψ CAlg(ω ⊗ )
ωψ. Indeed, the corresponding square of model categories is essentially commutative by inspection, and each functor involved preserves weak equivalences. Passing to underlying qcategories, we obtain the desired homotopy commutative square. Let γ → A γ : C → CAlg(Cpx(Ind(T)) ⊗ ) be a functor. We claim that the canonical morphism colim γ∈C ψA γ → ψ colim γ∈C A γ is an equivalence. As ω reflects weak equivalences by 1.6, it suffices to show that ω colim γ∈C ψA γ ωψ colim γ∈C A γ is an equivalence. Note that ω ⊗ is U-cocontinuous. In particular, it admits a lax symmetric monoidal right adjoint υ ⊗ ([Lur14, 7.3.2.7]), and CAlg(υ ⊗ ) is right adjoint to CAlg(ω ⊗ ), which is thus U-cocontinuous. These remarks, along with the hypothesis that ψ preserve C-indexed colimits, provide a homotopy commutative diagram
and the claim follows. 
is an equivalence.
Proof. As in 1.5, choose a K-linear, faithful, exact symmetric monoidal functor ω ⊗ : 
admits a left adjoint given by the free commutative algebra functor, denoted by sym, and these form a Quillen adjunction by definition of the model structure on CAlg(Cpx(Ind(T)) ⊗ ).
In particular, by (3) We now claim that, for each K ∈ Cpx(Ind(T)), the canonical morphism G F (K) → GF(K) is an equivalence. As explained in step (e) of the proof of [Lur14, 4.5.4.7], it suffices to prove that, for each K, the colimit defining the total symmetric power sym(K) := n∈Z ≥0 sym n (K) is a homotopy colimit. Let Lsym denote the corresponding homotopy colimit functor. As ω ⊗ is symmetric monoidal, U-cocontinuous and homotopically Ucocontinuous, we have a homotopy commutative square 
Mixed Hodge coefficients
Notation 2.0. Throughout this section, we fix K → R, a subfield of the real numbers.
Motivation. While mixed Hodge structures arise very naturally in algebraic geometry, they tend to do so as the cohomology of much larger objects, to wit, mixed Hodge complexes. There is thus a dichotomy between complexes of mixed Hodge structures, which are hard to construct but form a very well-behaved category, and mixed Hodge complexes, which are much easier to construct but, as a 1-category, leave much to be desired. Definition 2.1 ([Bei86, 3.9]). We recall the following constructions:
) is a filtered (resp. filtered, resp. bifiltered) complex of K-modules (resp. C-modules, resp. C-modules), α is a filtered quasi- 
) and the filtration induced by F endow h n gr W k (K 1 ) with a pure Hodge structure of weight k + n. We refer to the filtrations denoted by "W" as weight filtrations and those by "F" as Hodge filtrations. By convention, W will always be increasing and F will always be decreasing. We will also frequently suppress the morphisms α and β and refer abusively to the mixed Hodge K-complex (K · , F, W). Note that this definition is not equivalent to [Bei86, 3.2], but rather to [Bei86, 3.9], the difference being the shift in the weights by the cohomological degree appearing in condition (c) above. It seems likely that the following techniques apply to both settings with slight modification.
(ii) We say that a mixed Hodge K-complex (K · , F, W, α, β) is polarizable if, for each (k, n) ∈ Z 2 , the pure Hodge K-structure (h n gr
to be a morphism of diagrams, consisting of morphisms of (bi)filtered complexes
K denote the category polarizable mixed Hodge K-complexes and morphisms of such.
The category MHC p K inherits a K-linear-differential-graded-category structure from the differential graded categories of filtered (resp. filtered, resp. bifiltered) complexes of K-modules (resp. C-modules, resp. C-modules) as explained in [Ivo15, 1.2.1].
With translations and cones defined in the evident way ([Ivo15, 1.2.6]), MHC p K is pretriangulated. Note that MHC p K is locally U-small, but neither essentially U-small nor locally U-presentable, so we will view it as a V-small category for some suitably large Grothendieck universe V containing U.
Definition 2.2. Let K and L be two complexes of K-modules.
(i) In (1.1.1), we defined the tensor product K ⊗ L. If K and L are given filtrations F and G, respectively, then we define the tensor product (K, F) ⊗ K (L, G) to be K ⊗ K L equipped with the filtration given by
for each (k, n) ∈ Z 2 . Defining the tensor product of the additional filtrations analogously, we have a reasonable construction of the tensor product of bifiltered complexes. With this definition, the category of increasingly filtered complexes of K-modules is a symmetric monoidal category with unit given by K as a complex concentrated in degree 0 equipped with the trivial filtration F k K := 0 for k ∈ Z <0 and F k K = K for k ∈ Z ≥0 . This too extends easily to the setting of bifiltered complexes.
(ii) The tensor product
A filtered variant of the Künneth formula, along with the observation that the tensor product of two polarizable pure Hodge K-structures is another such, show that this is another object of MHC .1.1) satisfying conditions (a) and (b) of 2.1(i) in the evident way: K 1 and K 2 = K 3 are the complexes of K-modules and C-modules underlying K, respectively, and F and W are the Hodge and weight filtrations, respectively. We must, however, shift the weight filtration in order to obtain a diagram satisfying 2.1(i)(c),
K is symmetric monoidal with respect to the symmetric monoidal structures of 1.1(iii) and 2.2(ii) and induces an exact symmetric monoidal functor χ ⊗ :
Proof. Once we have shown that χ underlies a K-linear symmetric monoidal differential graded functor, the last assertion will follow from [Dre15, 2.5]. Let K and L be objects of Cpx b (MHS p K ). By definition, then complex of K-modules underlying χ(K ⊗ L) is the complex of K-modules underlying K ⊗ L. To see that χ is symmetric monoidal, it therefore suffices to check that the Hodge and weight filtrations on χ(K ⊗ L) are equal to the tensor products of the Hodge and weight filtrations, respectively, on χ(K) and χ(L). Fix (k, n) ∈ Z 2 . We have the following computations:
Reindexing the last expression by t := s − r, we find that the two filtrations are equal. Essentially the same argument applies for the Hodge filtrations. Sparing the reader the predictably tedious verification that χ ⊗ satisfies the coherence properties required of a symmetric monoidal differential graded functor, the claim follows.
is acyclic if the underlying complex of K-modules K 1 is acyclic. Let ι : Ac → N dg (MHC p K ) denote the full subqcategory spanned by the acyclic objects. Since the forgetful differential graded functor (K · , F, W) → K 1 : MHC p K → Cpx(Mod K (Ab)) preserves cones and translations, Ac is a stable subqcategory and ι is an exact functor. We define MHC 
Proof. A complex of polarizable mixed Hodge K-structures is acyclic if and only if the complex of underlying K-modules is acyclic, so χ induces an exact functor χ : Theorem 2.7. The canonical functor π :
and the equivalence χ of 2.6 underlies a symmetric monoidal equivalence By the universal property of the symmetric monoidal Verdier quotient π ⊗ , the composite π ⊗ χ ⊗ factors through the symmetric monoidal Verdier quotient
The exact functor underlying the resulting symmetric monoidal
K must be equivalent to χ by the universal property of the cofiber D(MHS
denotes the full subqcategory spanned by acyclic complexes. By [Lur14, 2.1.3.8], the fact (2.6) that χ is an equivalence implies that the symmetric monoidal functor χ ⊗ is an equivalence.
Rectification
Notation 3.0. Throughout this section, we fix the following notation: (i) K → R, a subfield of the real numbers; and (ii) κ → C, a subfield of the complex numbers.
Motivation.
We arrive now at our intended applications. Having in the previous two sections constructed the requisite equivalence between the symmetric monoidal qcategories of complexes of mixed Hodge structures and mixed Hodge complexes and the necessary ingredients for the rectification of presheaves of commutative algebras in the symmetric monoidal derived category of mixed Hodge structures, we now perform the desired rectifications. Specifically, we show that the functor assigning to each X ∈ Sch ft /κ the graded polarizable mixed Hodge structure H
.1], equipped with the ring structure given by the cup product, can be obtained by taking the cohomology of a presheafΓ
of commutative algebras in the symmetric monoidal category Cpx(Ind(MHS
Summary. We begin by constructing the presheafΓ Hdg on the category of separated κ-schemes of finite type (3.2). In order to extendΓ Hdg to singular κ-schemes, we appeal to a result of V. Voevodsky that requires some terminology from A 1 -homotopy theory, which we recall in 3.4. Proposition 3.5 is a general result providing sufficient conditions for a presheaf on Sm is then constructed in 3.6.
Definition 3.1. We denote by Cpt the category of smooth compactifications, whose objects are the dense open immersions j : X → X in Sm sft /C such that X is smooth and proper over Spec(C) and X − X is a normal crossings divisor, and whose morphisms are commutative squares in Sm sft /C . We abusively denote objects of Cpt by ordered pairs (X, X), suppressing the morphism j. 
is naturally isomorphic to Deligne's mixed Hodge structure on H
Let W be the class of weak equivalences of the model structure of 1.8 on the category
following composite:
Here, q is the functor given by [Dre15, 2.7], π and χ −1 are those of 2.7, ι is that of [Dre15, 4.7] and φ −1 is that of 1.10. Note that ι and φ −1 do not affect cohomology objects, so Γ also recovers Deligne's mixed Hodge structures by (3.2.1). As
and its codomain is the qcategory underlying a U-combinatorial model category (1.8), [Lur14, 1.3.4 .25] implies that Γ can be rectified to Γ :
We now have a functor Γ between 1-categories. Let Cpt X ⊆ Cpt denote the subcategory of smooth compactifications of a fixed object X ∈ Sm sft /C , i.e., the subcategory spanned by the morphisms (f , f ) such that f = id X . Then Cpt X is nonempty by theorems of M. Nagata ([Con07, 4.1]) and H. Hironaka ([Hir64] ) and ℵ 0 -filtered by a standard argument ([Del71, 3.2.11]). Also, if (f , f ) : (X, X) → (X, X ) is a morphism of Cpt, then Γ (f , f ) ∈ W. Indeed, the morphism of complexes of K-modules underlying Γ 0 (f , f ) is the identity on the singular cochain complex of X. We may therefore construct the desired functorΓ Hdg : (Sm
and havingΓ Hdg act in the evident way on morphisms.
Corollary 3.3. The functorΓ Hdg of 3.2 induces a functor Γ Hdg : (Sm
Proof. Recall that (Sm sft /κ ) op, denotes the coCartesian symmetric monoidal structure
. LetΓ Hdg be the composite ofΓ Hdg , the localization
(1.8) and the equivalence φ of 1.10. Let Γ Hdg denote the composite ofΓ Hdg with the forgetful 
⊗ reduces the problem to the Künneth formula for Betti cohomology. As ψ is conservative, the claim follows.
Definition 3.4. Let S be a quasi-compact quasi-separated scheme. Let S ⊆ Sch /S be a full subcategory stable under fiber products and containing ∅, S and A 1 S , C a qcategory, F : S op → C a functor, and Q a class of Cartesian squares in S of the form
(i) We say that F is: (a) excisive with respect to Q if F(∅) is a final object of C and, for each Q ∈ Q as in (3.4.1), the square F(Q) is Cartesian in C; (b) Nisnevich excisive if it is excisive with respect to the class Q Nis (S) of squares of the form (3.4.1) such that f is an open immersion, g an étale morphism and the induced morphism g −1 (X − X ) red → (X − X ) red is an isomorphism; (c) cdh-excisive if it is Nisnevich excisive and also excisive with respect to the class Q cdh (S) of squares of the form (3.4.1) such that f is a closed immersion, g is proper and the induced morphism g −1 (X − X ) → X − X is an isomorphism; (d) scdh-excisive if it is Nisnevich excisive and also excisive with respect to the class Q scdh (S) of squares of the form (3.4.1) such that X, X , Y and Y are smooth S-schemes, f is a closed immersion and g is the blow-up of X along X ; (e) A 1 -invariant if, for each X ∈ S, the morphism F(X) → F(A 1 X ) induced by the canonical projection is an equivalence in C.
(ii) Let C = Spc be the qcategory of spaces. If τ = Nis (resp. τ = cdh, resp. τ = scdh), then we let Sh τ (S, Spc) ⊆ PSh(S, C) denote the full subqcategory spanned by the Nisnevichexcisive (resp. cdh-excisive, resp. scdh-excisive) functors, and we let H τ (S) ⊆ Sh τ (S, Spc) denote the full subqcategory spanned by the functors which are moreover A 1 -invariant. The inclusions Sh τ (S, Spc) → PSh(S, Spc) and H τ (S) → Sh τ (S, Spc) are reflective subqcategories with respective left adjoints λ τ and λ A 1 . Indeed, by the Yoneda lemma ([Lur09, 5.1.3.1]), the excision property for F ∈ PSh(S, Spc) is equivalent to requiring that F be W τ -local ([Lur09, 5.5.4.1]), where W τ is the class of morphisms of the form
induced by the universal property of the pushout with Q ∈ Q τ (S), where y : S → PSh(S, Spc) denotes the Yoneda embedding. Similarly, A 1 -invariance is equivalent to requiring that F be W A 1 -local, where W A 1 is the class of morphisms of the form y (A 1 X ) → y (X) with X ∈ S. The subqcategories Sh τ (S, Spc) and H τ (S) are therefore reflective by [Lur09, 5.5.4 .15].
Proposition 3.5. Let C ⊗ be a stable locally U-presentable symmetric monoidal qcategory and
(ii) IfF corresponds to a symmetric monoidal functor 
under whichF corresponds to an object in the essential image of the fully faithful functor
given by composition with the localization λ Suppose X and Y are separated over κ and Y is smooth over κ. If dim(X) = 0, then X red is also smooth and X red × κ Y = (X × κ Y) red . By cdh-excision, the inclusion X red → X induces an equivalence F(X) ∼ → F(X red ), so α XY is an equivalence, because we have a homotopy commutative square
If dim(X) > 0, suppose α SY is an equivalence for all separated κ-schemes S of dimension < dim(X). By [Hir64] , there exists an element
/κ ) such that X is a smooth κ-scheme, dim(Z) < dim(X) and dim(Z) < dim(X) = dim(X). Tensoring F(Q) with F(Y), we have a Cartesian square
Indeed, C ⊗ is a stable symmetric monoidal qcategory, so the endofunctor (−) ⊗ C is exact for each C ∈ C and, in particular, it preserves Cartesian squares. The morphisms α ZY and α ZY are equivalences by the inductive hypothesis and α XY is an equivalence since X and Y are both smooth, separated κ-schemes. It follows that α XY is an equivalence. Suppose both X and Y are separated κ-schemes. If dim(X) = 0, then X red is smooth over κ, so α X red Y is an equivalence by the previous case and we have a homotopy commutative square
in which the vertical arrows are equivalences by cdh-excision, since X red → X is a universal homeomorphism. In general, suppose α SY is an equivalence for each separated κ-scheme S of dimension < dim(X) and consider the square Q of (3.5.1). Tensoring F(Q) with F(Y) and again using the fact that C ⊗ is a stable symmetric monoidal qcategory, it suffices to show that α ZY , α ZY and α XY are equivalences. However, α ZY and α ZY are equivalences by the inductive hypothesis, and α XY is also an equivalence: permuting the tensor factors, it becomes α YX and X is smooth, so we are in the previous case. If Y is separated and X is arbitrary, choose a finite Zariski cover {j β : X β → X} 1≤β≤n such that X β is separated for each 1 ≤ β ≤ n and n > 1. Let X := 1≤β<n X β . We have an element
/κ ) and X ∩ X n and X are both unions of n − 1 separated open subschemes. Applying the Nisnevich-excisive functor F to the square Q and tensoring F(Q) with F(Y), we find by induction on n that α XY is an equivalence. Inducting now on the number of elements in a Zariski cover of Y by separated S-subschemes, we find that α XY is an equivalence for arbitrary X and Y. (ii) The underlying functor Γ Hdg factors up to equivalence as
where φ is induced by the functor φ of 1.10.
Proof. For brevity, let 
Integral coefficients
Notation 4.0. Throughout this section, we fix the following:
(i) Λ → R, a Noetherian subring of the real numbers of global dimension ≤ 1 such that Λ ⊗ Z Q is a field, e.g., Λ ∈ {Z, Q, R};
(ii) K := Λ ⊗ Z Q; and (iii) κ → C, a subfield of the complex numbers.
Motivation. Working in the K-linear setting has simplified things in several ways: it allowed us to apply the results of [Dre15, §2] to pass from symmetric monoidal differential graded categories to symmetric monoidal qcategories without being forced to deal with cofibrant resolutions of our differential graded categories; it allowed us to equip the bounded derived category of MHS p K with a symmetric monoidal structure without constructing flat resolutions; and it allowed us to apply the rectification of 1.10.
In this section, we show that it is possible to work with integral rather than rational coefficients. However, whereas in 3.6 we constructed a presheaf of strictly commutative differential graded algebras, in the integral setting, one may at best hope for a presheaf of E ∞ -algebras. In fact, we content ourselves to ask for a presheaf of E ∞ -algebras at the level of symmetric monoidal qcategories and set aside the question of establishing an analogue of the rectification result 1.10 for E ∞ -algebras with integral coefficients.
Summary. We begin by constructing a t-structure on the fiber product of two stable qcategories equipped with t-structures over a third (4.2) and studying the heart of this t-structure (4.3). We then apply this to show that the derived qcategory of MHS 
This also applies to B × A C . If a, b and c are fully faithful, then the induced morphism
is the fiber product of three equivalences in Spc, hence an equivalence itself. 
This homotopy fiber product in Set ∆ induces an exact sequence of homotopy groups
with base points given by the zero morphisms. The last term vanishes since g X ∈ B ≤0 , g Y ∈ B >0 , f X ∈ C ≤0 and f Y ∈ C >0 ; the first is isomorphic to
We claim that there exists a fiber sequence X ≤0 → X → X >0 in D with X ≤0 ∈ D ≤0 and X >0 ∈ D >0 . Consider the functors δ : ∆ 1 → B and δ : ∆ 1 → C corresponding to the canonical morphisms η : g X → t >0 g X and η : f X → t >0 f X, respectively. We have a homotopy f δ gδ since f and g are t-exact. By the universal property of the fiber product D, δ and δ induce a functor ∆ 1 → D corresponding to a morphismη : X → X >0 . By construction, X >0 ∈ D >0 . Since f and g are exact and sendη to η and η, respectively, they send the fiber X ≤0 ofη to t ≤0 f X and t ≤0 g X, respectively, so X ≤0 ∈ D ≤0 , as required. Hir64] ), the full subqcategory DA(κ, Λ) ℵ 0 ⊆ DA(κ, Λ) is equal to the full subqcategory spanned by the ⊗-dualizable objects. Combining these results with 4.6, we obtain a symmetric monoidal functor Γ Unwinding the constructions and using the compatibility of * with Grothendieck's six operations, one finds that Γ Betti (X) f * f * Λ X(C) an , where f : X → Spec(κ) is the structural morphism and Λ X(C) an is the constant sheaf associated to Λ on X(C) an . Since f * f * Λ X(C) an and the Λ-linear singular cochain complex of X(C) an are naturally equivalent as E ∞ -algebras when the latter is equipped with the cup product, the claim follows. ⊗ is equivalent to D(Ind(MHS p Λ )). This circuitous construction of the symmetric monoidal structure on the derived category of Ind(MHS p Λ ) facilitates the proof of 4.9. Given any other more direct construction of this symmetric monoidal structure, it should not be difficult to show that it is equivalent to the above using the universal property of the fiber product (4.8.1).
